Abstract. Let η : C f,N → P 1 be a cyclic cover of P 1 of degree N which is totally and tamely ramified for all the ramification points. We determine the group of fixed points of the cyclic group µ N ∼ = Z/N Z acting on the Jacobian J N := Jac(C f,N ). For each prime ℓ distinct from the characteristic of the base field, the Tate module T ℓ J N is shown to be a free module over the ring
Introduction
Through out this paper, K is an algebraically closed field except when specified otherwise. The characteristic of K is denoted by Char (K). If A is an abelian variety over K, we write A ∨ for the dual abelian variety of A, and End(A) for the endomorphism ring of A. The endomorphism algebra End 0 (A) := End(A) ⊗ Z Q is a finite-dimensional semisimple algebra over Q. Given an abelian group G (or a commutative group scheme G over K), G[m] denotes the kernel of the homomorphism G m − → G. We often identify a finiteétale group scheme G/K with G(K). The cardinality of a finite set S is denoted by |S|. In particular, for any prime ℓ = Char (K), one has |A[ℓ]| = ℓ 2 dim A . The letters p and ℓ always denote primes in N.
Fix an integer N > 1 coprime to Char (K). Then T N − 1 ∈ K[T ] is separable over K. Let ξ N ∈ K be a primitive N -th root of unity in K, and µ N := ξ N , the group of N -th root of unity in K. Suppose that f (X) = n i=1 (X − α i ) ei ∈ K[X] is a monic polynomial with (1.1) gcd(deg(f ), N ) = 1, gcd(e i , N ) = 1, ∀ 1 ≤ i ≤ n.
For example, if N is even, then all e i must be odd, and hence n must be odd as well to ensure that gcd(deg(f ), N ) = 1. Let C f,N be the smooth projective curve defined by the affine equation Y N = f (X), and J N := Jac(C f,N ) be the Jacobian variety of C f,N . The map
The Albanese functoriality induces an action ρ J : µ N → Aut(J N ) of µ N on the Jacobian J N . By an abuse of notation, we still write δ N for the map ρ J (ξ N ) : J N → J N induced from δ N : C f,N → C f,N . For each D ∈ N, let Φ D (T ) ∈ Z[T ] be the D-th cyclotomic polynomial, which is a monic irreducible polynomial of degree ϕ(D). It will be shown in Subsection 3.4 (cf. also [21, Lemma 4.8] in the case N = p r is a prime power and Char (K) = 0) that the minimal polynomial over Z of δ N ∈ End(J N ) is (1.2) P N (T ) :
So there is an embedding . Suppose that Char (K) = 0, q := N = p r is a prime power, and f (x) has no multiple roots. In a series of papers [20] , [21] , [22] , [23] , Yuri G. Zarhin showed that EndK(J new q ) = Z[ζ q ] assuming that deg f (x) ≥ 4 and f (x) is irreducible over K with "large" Galois group (For example, Gal(f ) is either the full symmetric group S n or the alternating group A n when deg f (x) ≥ 5, or Gal(f ) = S 4 when deg f (x) = 4). When K = C and deg f (x) = 3, the endomorphism algebra End 0 (J new q ) has been classified. In particular, if p > 7, then End
) is either Q(ζ q ), a quadratic field extension of Q(ζ q ), or Q(ζ q ) ⊕ Q(ζ q ). The generic case was treated in [22] by Zarhin and the classification was given in [17] jointly by the second and third named authors. Now suppose K ⊆ C, deg f (x) ≥ 3, and End 0K (J new q ) = Q(ζ q ). With some further mild conditions on q, the special Mumford-Tate group of J new q has been determined in another series of papers [16] , [18] , [19] jointly by Zarhin and the second named author.
The paper is organized as follows. Section 2 studies the kernel of endomorphisms of abelian varieties. The theorems above and their corollaries are proved in Section 3, where we study the superelliptic Jacobian J N and apply the results obtained in Section 2. Section 4 contains some arithmetic results that are used in the previous sections.
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Decomposition of Abelian varieties
Throughout this section, F (T ) and G(T ) denote polynomials in Z[T ]. Let A be an abelian variety of positive dimension over K. The minimal polynomial of an endomorphism of A is monic over Z [10, Theorem 19.4] . If φ ∈ End(A) has minimal polynomial P (T ) ∈ Z[T ], then there is an embedding Z[T ]/(P (T )) ֒→ End(A) with T → φ. Given F (T ) | P (T ), the kernel of β := F (φ) is a group scheme over K. In this section, we give a criterion to determine when ker β is an abelian subvariety of A. This question turns out to be closely related to the torsion subgroup of A(K).
Suppose R is a commutative ring. For any
be two monic polynomials with gcd(F (T ), G(T )) = 1. The quotient ring R := Z[T ]/(F (T )) is a free Z-module of rank deg F (T ). By an abuse of notation, we still write G(T ) for the canonical image of G(T ) in R. The resultant of F (T ) and G(T ) is defined to be (See [2, Section IV.6.6])
where N R/Z : R → Z is the norm map, and x, y ∈Q are roots of F (T ) and G(T ) respectively. Since F (T ) and G(T ) are coprime, Res(F (T ), G(T )) = 0. There exists
Both a(T ) and b(T ) are uniquely determined if we further require that deg a(
The resultant may be calculated as the determinant of a matrix whose entries are coefficients of F (T ) and G(T ).
similarly. Then F (T ) andḠ(T ) share a common root in K if and only if Res(F (T ), G(T )) is divisible by Char (K). We write Disc F (T ) ∈ Z for the discriminant of F (T ) ([2, Section IV. 6.7] ). ThenF (T ) is separable if and only if Disc(F (T )) is coprime to Char (K). Clearly, Res(F (T ), G(T )) | Disc(F (T )G(T )). We refer to Subsection 4.1 for some further discussion of Res(F (T ), G(T )).
be the minimal polynomial of φ ∈ End(A), and β := F (φ), γ := G(φ) ∈ End(A). Suppose that Res(F (T ), G(T )) is coprime to Char (K). Then both ker β and ker γ are reduced group schemes over K, and dim ker β + dim ker γ = dim A.
Proof. Let Lie(β) : Lie(A) → Lie(A) be the induced endomorphism of the Lie algebra of A. To show that ker β is reduced, it is enough to prove that
is coprime to Char K,F (T ) andḠ(T ) share no common factors. By the Chinese Reminder Theorem, 
It follows that dim ker(β) = dim K ker(Lie(β)) and similarly for γ. Proof. Since ker β is reduced, its identity component (ker β)
• is an abelian subvariety of A, and ker β is an extension of (ker β)
• by a finiteétale group scheme π 0 (ker β) over K:
Because (ker β)
• (K) is divisible, it follows from the Snake Lemma [3, Exercise A. 3.10] that there is an exact sequence
for any prime p. In particular, if p = Char (K),
, and a(T ), b(T ) ∈ Z[T ] be polynomials such that (2.2) holds. For all x ∈ ker β, we have
• .
It follows that ∀ y ∈ π 0 (ker β), my = 0. Therefore, π 0 (ker β) is trivial if and only if π 0 (ker β)[p] is trivial for all p | m. By (2.5), this holds if and only if
Lemma 2.4. Suppose that dim A = r deg P (T )/2 ∈ N for some r ∈ N. Let ℓ be a prime distinct from Char (K). The following are equivalent:
Proof.
. By assumption, M/aM is a free (R/a)-module of rank r. It follows from Nakayama's lemma [3, Corollary 4.8] that M can be generated by r elements. In other words, we have a surjective map R r ։ M . On the other hand,
Therefore, the map must be injective as well, and hence M is free of rank r.
We refer to [3, Chapter 21] for the concept of Gorenstein rings. 
and the equality holds if and only if M is a free
Proof. For simplicity, we will write l(M ) := l R (M ) for the length of M if the ring R is clear from context. The socle of a local Gorenstein ring is simple (See [3, Proposition 21.5]), i.e., it has dimension 1 over the residue field. If M is free, then
Let M be the category of all finitely generated R-modules. Since R is Gorenstein, the functor M → M ∨ := Hom R (M, R), ∀ M ∈ M is a dualizing functor from M to itself. In other words,
• it is contravariant, R-linear and exact;
In particular, the exactness implies that l(
∨ can be generated by r elements. In other words, we have an exact sequence
Proof. By the Chinese Reminder Theorem, we may decompose the Artinian ring F ℓ [T ]/(P (T )) into a direct sum of local Artinian rings:
Clearly,
On the other hand,
So we must have equality at all places. In particular,
, the element H i (φ)x does not depends on the choice of H i (T ). By an abuse of notation, we will denote this element by
Proof. This is a well-known fact. By [10, Theorem 4, p. 180], we have Tr(ι(a);
Since O⊗ Z Z ℓ is a product of complete discrete valuation rings, the freeness of T ℓ (A) follows.
Theorem 2.9. Suppose that dim A = r deg P (T )/2, and Disc(P (T )) is coprime to Char (K). Consider the following statements.
where the sum is over all irreducible factors F (T ) of G(T ). We further assume that Z[T ]/(F (T )) is a normal integral domain for all irreducible factors F (T ) | P (T ).
Then (2.9.a')⇔ (2.9.b) ⇔ (2.9.c), where (2.9.a') is the following variant of (2.9.a):
Proof. Clearly (2.9.b) ⇒ (2.9.c). We prove that (2.9.a)⇒ (2.9.b). Let
Therefore, dim ker β = r deg G(T )/2. We conclude that ker β is connected by Lemma 2.3 again. This proves that (2.9.a)⇒ (2.9.b). If G 1 (T ) and G 2 (T ) are coprime divisors of P (T ), then (ker
Suppose that (2.9.b) holds. Then both sides of (2.7) are abelian varieties of the same dimension. So they must be the same.
Suppose that Z[T ]/(F (T )) is integrally closed for all irreducible factors F (T ) of P (T ).
To show the statements are equivalent, it is enough to prove (2.9.c)⇒ (2.9.a'). Suppose thatP (T ) =
ti is the prime factorization ofP (T ) over
For each fixed h i (T ), there exists an irreducible factor F (T ) of P (T ) such that h i (T ) |F (T ). Therefore,
) is a normal integral domain, it follows from Lemma 2.4 and Lemma 2.8 that (ker
We obtain the desired result.
superelliptic Jacobians
In this section, we prove the theorems and their corollaries stated in the introduction. Certain simple arithmetic results are postponed to Section 4. We keep the notations and assumptions of Section 1. Recall that K is an algebraically closed field, C f,N is the smooth projective curve over K defined by
satisfying the conditions in (1.1), and
3.1. The assumptions in (1.1) guarantee that there is exactly one point in C f,N (K) corresponding to the point (α i , 0) on the affine curve Y N = f (X), and moreover, there is a unique point (denoted by ∞) in C f,N (K) that lies above the point at infinity on P 1 (K) for the map η : C f,N → P 1 . Clearly, µ N fixes the following set of points
and it acts freely outside F(C f,N ). Therefore η : C f,N → P 1 is totally ramified at each point of F(C f,N ) with ramification index N , and unramified everywhere else. All the ramifications are tame since the characteristic of K does not divide N . By the Hurwitz formula [5, Corollary IV.2.4], the genus of C f,N is (cf. [7] for the case
3.2.
A natural question is to describe the group of all fixed points of µ N on J N . Let us denote it by
It contains an obvious subgroup consisting of the linear equivalence classes of divisors of degree zero supported on F(C f,N ):
We will describe the group structure of G N . Given a rational function g ∈ K(C f,N ) on C f,N , let Div(g) be its divisor. Then
Therefore, any divisor of degree zero supported on F(C f,N ) is linear equivalent to one supported on the set
By
Let M R be the free (Z/N Z)-module of rank n generated by elements of R, and
Our first goal in this section is to show that F N = G N .
3.3.
We refer to [14, Section VI.2] for the notation Q below. It is the character of the Artin representation of µ N at Q ∈ C f,N (K) which encodes the ramification information at each point Q for the map η : 
× be a local parameter at Q, and val Q :
For all Q ′ ∈ P 1 (K), Q ′ is defined to be Q →Q ′ Q . Let us fixed a prime ℓ = Char K. Since η is totally and tamely ramified at each point Q ∈ F(C f,N ), we have 
Here E(P 1 ) = 2 is the Euler characteristic of P 1 . 
where P N (T ) is given by (1.2), and the minimal polynomial of
is an embedding [10, Theorem 19.3], the minimal polynomial of δ N is equal to P N (T ). We have
Recall that F N contains the subgroup G N ≃ (Z/N Z) n−1 by (3.3). They must coincide by comparing the cardinality. We have proven the following theorem:
For the case N = p is a prime, Theorem 3.5 was already contained in [12, Section 6] and [13, Proposition 3.2].
3.6. Since P N (T ) = D|N,D>1 Φ D (T ), by the Chinese Remainder Theorem,
On the other hand, it is important to note that if N is not prime, the embedding
is not an isomorphism. For example, if N = p r for some r > 1, then
The right hand side is a local ring, and therefore not a direct product of proper subrings. We leave it to the reader to prove that (3.5) is not an isomorphism for arbitrary N not a prime. However, from an explicit construction (cf. [4, Lemma
5.2] or [17, Subsection 2.6]), one may show that the idempotents in Q[T ]/(P
and the cokernel of (3.5) are N -torsions. There is an isomorphism
We leave it to the reader to show that
Proposition 3.7. For any prime ℓ ∤ (N Char (K)), the Tate module T ℓ J N is a free
) is a product of discrete valuation rings by (3.6). Because T ℓ (J N ) is Z ℓ -torsion free, it is enough to prove that
)-module of rank n − 1. This follows directly from Subsection 3.3, noting that the representation space of the augmentation rep- 
For each integer D | N and D > 1, there exists a finite morphism
η D : C f,N → C f,D , (X, Y ) → (X, Y N/D ).
It induces two maps between the Jacobians
On the other hand, let
. Combining (3.8) and (3.9), we see that
Moreover, the composition of
where
In particular, δ 
We refer to [17, Subsection 2.11] for the following proposition. 
Proof of the main theorem by induction. If
where each h i (T ) is a monic irreducible factor ofP M (T ). Because gcd(M, ℓ) = 1, P M (T ) is separable over F ℓ , so all h i (T ) in (3.12) are distinct. By Theorem 3.5,
On the other hand, by Proposition 3.11,
by Corollary 2.7. Applying the same Corollary again, we see that
Proof of Corollary 1.2. Recall that we have an embedding of Q-algebras
and we want to show that E ∩ End(J N ) = Z[T ]/(P N (T )), where the intersection is taken within End
) is the maximal order in E ℓ := E ⊗ Q Q ℓ for any prime ℓ ∤ N , it is enough to prove that for all p | N ,
So it reduces to prove that
We assume that K is not algebraically closed exclusively for the following theorem. LetK be a fixed algebraic closure of K.
Theorem 3.12. Let K be a field of characteristic zero, and f (X) ∈ K[X] be a polynomial with no multiple roots and n = deg f ≥ 5. Suppose p is a prime that does not divide n, Let r > 1 be a positive integer and q = p r . Assume also that either n = q + 1 or q does no divides n − 1. If p = 2 then we assume addditionally that n = kq + c with nonnegative integers k and c < q such that either k is odd or c < q/2. Suppose Gal(f ) contains a doubly transitive simple non-abelian subgroup
under the above assumptions. Now the theorem follows directly from Corollary 1.2.
The rest of this section is devoted to the proof of Theorem 1.3.
For each
. By Theorem 2.9, ker γ D is an abelian subvariety of J N of dimension ϕ(D)(n − 1)/2. We give a more geometric description of these subvarieties. Suppose that
The orthogonal complement of J old N with respect to the canonical principal polarization λ N is called the new part of the Jacobian and denoted by J new N . We write
. By Theorem 2.9 and Proposition 3.11,
The orthogonal complement of J old N with respect to λ N is defined to be the identity component (with the reduced subscheme structure) of the map (See [10, Theorem 19 .1]) (3.13)
Now compose the map in (3.13) with
and then apply (3.11), we obtain the map
. So the kernel of (3.15) coincides with ker γ N . On the other hand, ker( ∨ • λ N ) is contained in the kernel of (3.15). Comparing dimensions, we obtain that
As a side result, π ∨ must be a closed immersion since otherwise the kernel of  ∨ •λ N will be properly contained in that of (3.15) . There is an exact sequence of abelian varieties 
By Theorem 1.1 and Lemma 2.4,
, one has 
N is defined to be the composition of maps
It follows that κ , and we will identify O with its image. Then
If ω(N ) = 1, i.e., q := N = p r is a prime power, then G(T ) = P q/p (T ), and ζ i−1 q is a primitive q-th root of unity for all i with gcd(i, q) > 1. Therefore,
Now suppose that N = p (1 − ζ qs )
In summary, let ∨ factors as 
Arithmetic Results
In this section, we prove the arithmetic results that are referred to previously. The lemma follows by diving both sides by T d − 1.
